Dynamic instabilities, stabilized by anharmonic interactions in cubic and tetragonal halide perovskites at high temperature, play a role in the electronic structure and optoelectronic properties of halide perovskites. In particular, inorganic and hybrid perovskite materials undergo structural phase transitions associated with octahedral tilts of the metal halide octahedra. We investigate the structural instabilities present in inorganic CsMX3 perovskites with Pb or Sn on the metal site and Br or I on the X site. Defining primary order parameters in terms of symmetry adapted collective displacement modes and secondary order parameters in terms of symmetrized Hencky strain components, we unravel the coupling between octahedral tilt modes and macroscopic strains as well as the role of A-site displacements in perovskite phase stability. Symmetry allowed secondary strain order parameters are enumerated for the 14 unique perovskite tilt systems. Using first principles calculations to explore the Born-Oppenheimer energy surface in terms of symmetrized order parameters, we find coupling between octahedral tilting and A-site displacements is necessary to stabilize Pnma ground states. Additionally, we show that the relative stability of an inorganic halide perovskite tilt system correlates with the volume decrease from the high symmetry cubic phase to the low symmetry distorted phase.
Dynamic instabilities, stabilized by anharmonic interactions in cubic and tetragonal halide perovskites at high temperature, play a role in the electronic structure and optoelectronic properties of halide perovskites. In particular, inorganic and hybrid perovskite materials undergo structural phase transitions associated with octahedral tilts of the metal halide octahedra. We investigate the structural instabilities present in inorganic CsMX3 perovskites with Pb or Sn on the metal site and Br or I on the X site. Defining primary order parameters in terms of symmetry adapted collective displacement modes and secondary order parameters in terms of symmetrized Hencky strain components, we unravel the coupling between octahedral tilt modes and macroscopic strains as well as the role of A-site displacements in perovskite phase stability. Symmetry allowed secondary strain order parameters are enumerated for the 14 unique perovskite tilt systems. Using first principles calculations to explore the Born-Oppenheimer energy surface in terms of symmetrized order parameters, we find coupling between octahedral tilting and A-site displacements is necessary to stabilize Pnma ground states. Additionally, we show that the relative stability of an inorganic halide perovskite tilt system correlates with the volume decrease from the high symmetry cubic phase to the low symmetry distorted phase.
I. INTRODUCTION
Since the introduction of hybrid perovskite materials for photovoltaics in 2009, 1 the materials community has seen a resurgence in halide perovskite research. Hybrid perovskite photovoltaic device efficiencies approach those of silicon based technologies for PV;
2 however, stability issues, such as photo-degradation under irradiation and decomposition to a yellow photo-inactive phase, [3] [4] [5] prevent commercial adoption of hybrid perovskite photovoltaics. Techniques to enhance structural stability include substitution on the A-site to stabilize the photoactive black perovskite polymorphs 2,6-9 while substitution on the halide site can be used to tune the bandgap of these materials. [10] [11] [12] [13] Alloy engineering has aided efficiencies and stability of halide perovskite-based devices; 7 however, the end members must be fully understood in order to appreciate emergent structure property relationships.
The remarkable electronic properties of halide perovskites stem from low carrier trapping and low recombination rates that result in diffusion lengths 14 and lifetimes 15, 16 on par with pristine III-V semiconductors. 3, 15, [17] [18] [19] [20] [21] [22] The goal of resolving the origin of unexpectedly low recombination rates in these solutionprocessed materials continues to motivate many theoretical and experimental studies on halide perovskite photophysics. Several explanations for low carrier recombination include polaron formation, 20, 23, 24 local dynamical Rashba splitting, [25] [26] [27] [28] [29] [30] and dielectric screening.
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The common denominator of these hypotheses is the necessity of a highly polarizable and deformable lattice facilitated by anharmonic dynamic fluctuations including octahedral tilting, 28,38-41 dynamical A- 42 and B-site offcentering, 37, 43 as well as orientational disorder of the Asite organic cation. 23, [44] [45] [46] [47] In this study, we use DFT to investigate the origin of structural instabilities and the role of octahedral tilting, strain, and A-site displacements in phase stability of inorganic perovskites.
Halide perovskites undergo structural phase transitions as a function of temperature due to an undersized A-cation which gives rise to octahedral tilt instabilities as explained geometrically by the Goldschmidt tolerance factor. 48 In the description of halide perovskite phase transitions, the high temperature cubic (α) phase with space group Pm3m transitions either to a tetragonal P4/mbm phase a 0 a 0 b + with in-phase tilts in Glazer notation 49 or I4/mcm phase with out-of-phase tilts a 0 a 0 b − . The prototypical hybrid perovskite CH 3 NH 3 PbI 3 adopts the I4/mcm phase 50 at intermediate temperature while inorganic perovskites have been observed to transition to the P4/mbm phase. 4, 37, [51] [52] [53] [54] [55] [56] [57] Finally, both inorganic and hybrid perovskites show Pnma ground state γ-phases with a − a − b + tilts. 3, [57] [58] [59] [60] Several compounds, particularly CsPbI 3 and CsSnI 3 , 61 also exhibit a photo-inactive, non-perovskite yellow polymorph, known as the δ-phase which consists of 1D chains of face sharing octahedra. 3, 57, 58, 62 While the δ-phase is likely the thermodynamic equilibrium phase of these materials at low temperatures, 2, 6, [63] [64] [65] [66] the technologically relevant phases include only the perovskite series. Therefore in this study we focus only on the inorganic perovskite polymorphs even though we recognize they may be metastable at operating temperatures for devices.
We investigate the Born-Oppenheimer energy landscape associated with octahedral tilt instabilities to understand the impact of strains and A-cation off-centering on phase stability. We first describe primary tilt order parameters in terms of symmetry adapted collective displacement modes for Pm3m space group irreducible representations R + 4 and M + 3 . Using the Hencky strain metric, we describe secondary strain order parameters and enumerate symmetry-allowed strains for the 14 unique tilt systems. Lastly, the role of the A-site cation is in-vestigated. We find that inorganic perovskites all show Pnma ground states, and the relative stability compared to the cubic phase correlates with the ratio of the ground state and cubic volumes. In fact, the correlation holds for all tilt systems studied: the relative energy of an octahedrally tilted perovskite system is dictated by its decrease in volume. Finally, we demonstrate the importance of Asite displacements and strain coupling in stabilizing the Pnma ground state structure.
II. METHODS
DFT calculations were carried out using the Vienna ab initio Simulation Package (VASP) 67, 68 with a plane-wave basis set and projector augmented wave 67, 69 (PAW) pseudopotentials. Electron exchange and correlation were approximated within the Perdew-Burke-Ernzerhof (PBE) generalized gradient approximation (GGA) 70 . For the cubic primitive cell a 8×8×8 k-point mesh centered at the Γ point was employed with a 600 eV plane wave energy cutoff. Energies were converged to within 1 meV/atom with respect to k-point density. Geometric optimization of the 14 distinct octahedral tilt systems, calculated in a 2 × 2 × 2 supercell, were seeded with an initial displacement field associated with the octahedral rotations, and all degrees of freedom were allowed to relax until forces were converged to within 5 meV/Å. Static calculations for the tilt subspaces were made over a grid of order parameter amplitudes, and selective dynamics was used to optimize only the Cs cation positions until energies were converged to within 1 meV. To obtain accurate lattice vectors for decomposition into strain order parameters, a strict force convergence criterion to within 0.5 meV/Åwere used for geometric optimizations of all translational and rotational equivalents. In plotting the strain order parameters, the strains of translationally equivalent structures were averaged. Crystal structures were visualized using the VESTA program suite.
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III. PEROVSKITE CRYSTALLOGRAPHY
We focus on three degrees of freedom to develop an understanding of the microscopic aspects of phase transitions in inorganic halide perovskites. First, symmetryadapted normal modes are considered to describe rotations of the metal-halide octahedra. Second, we define symmetry adapted strain order parameters which measure macroscopic lattice deformations. Lastly, we consider the effect of collective A-cation displacements within the perovskite structure.
A. Octahedral Tilt Order Parameters
Due to the structural flexibility of a lattice of cornerconnected octahedra, ionic perovskites tend to undergo
The three phases observed as a function of temperature for CsXY3 perovskites. Cubic Pm3m α-phase has no activated tilt modes. Tetragonal P4/mbm β-phase contains an in-phase tilt along one axis. Orthorhombic Pnma γ-phase contains one in-phase tilt mode and two equal outof-phase tilt modes. (b) The left panel schematically depicts the displacement field corresponding to the (a00000) order parameter (in-phase tilt mode along the x-axis), while the right panel depicts the out-of-phase tilt mode (000b00). Tilt modes along the y-and z-directions are similarly defined where the diagrams would be viewed perpendicular to the zx-and xyplanes, respectively. distortions involving octahedral tilting as well as offcentering of the A-and B-site cations. 28, [38] [39] [40] [41] The phase sequence of inorganic halide perovskites is shown along with the space group symmetry in Figure 1(a) . The phase sequence involves a high temperature cubic α-phase, an intermediate tetragonal β-phase, and a low temperature orthorhombic γ-phase. Along with changes in lattice parameter, each phase is distinguished by the presence of metal-halide octahedral rotations. Here we consider two types of octahedral rotations: (1) in-phase rotations about a common axis where every octahedron along the axis rotates in the same direction by the same amplitude (left panel of Figure 1(b) ) or (2) out-of-phase rotations about a common axis where the amplitude of rotation changes sign for each octahedron along the rotation axis (right panel of Figure 1(b) ). The rotation axes are considered to lie along the high symmetry lattice vectors of the cubic crystal, and here we will assume that the lattice vectors coincide with the Cartesian axes.
Since octahedral rotations in perovskites can be distinguished by three rotation axes and two types of rotation (in-or out-of-phase) a complete description of the degrees of freedom involves a six component order pa-rameter η = (abcdef ) where a, b, c and d, e, f denote the amplitude of in-phase and out-of-phase rotations, respectively. While η spans a six dimensional space, we restrict ourselves by considering only pure tilt systems by enforcing either only in-phase or out-of-phase rotations to be nonzero for a particular rotation axis. Hence, η = (abc000) describes a tilt system of in-phase rotations about each axis of differing amplitudes while (a000bb) corresponds to an in-phase rotation along the x-axis and simultaneous out-of-phase rotations of equal amplitude about the y and z axes. As an alternative notation for octahedral tilting, Glazer 49 notation uses a three component vector to encode the three crystallographic axes, a lower case letter to denote tilt amplitude, and a + or − exponent to denote in-phase or out-of-phase rotations, respectively. Thus the order parameter (abc000) corresponds to the a + b + c + tilt system while (a000bb) corresponds to a + b − b − . The full six dimensional order parameter η corresponds to crystal normal modes of the R , it is necessary to work within a supercell that is commensurate with the R-point and M-point of the Brillouin zone. By considering atomic displacements in a 2 × 2 × 2 supercell we generate all symmetry adapted collective displacements corresponding to phonon modes at commensurate k-points including the R-point ( To find collective displacement modes of the 40 atom supercell, we first collect the coordinates of all atoms in a (120×1) column vector r. The displacements of the atoms, d, from their ideal crystallographic locations, r 0 , are given by r = r 0 + d. We construct the Cartesian symmetry representation M d for the factor group, G, as described by Thomas 
for which the matrix Q block diagonalizes the symmetry representation of the order parameter space,
In this context the columns of Q = [q 1 q 2 ...], represent the symmetry-adapted collective displacement modes. For a certain column q i the corresponding amplitude is η i . In this way we find the collective displacement modes q 1 through q 6 and their corresponding amplitudes η 1 through η 6 which correspond to the frozen phonon modes described by the three-dimensional R Glazer et al. 49 and subsequently Howard and Stokes
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enumerated the unique space groups associated with symmetry breaking due to R Table I . For each unique tilt system, there exists rotational and translational equivalents due to the symmetry of the cubic parent group. For instance, a z-oriented a 0 a 0 a + in-phase tilt system is equivalent to a y-oriented in phase tilt system a 0 a + a 0 and the x-oriented tilt system a + a 0 a 0 . In the supplemental materials we enumerate all rotational and translation equivalents for each of the 14 unique tilt systems.
B. Strain Order Parameters
The progression of phase changes from the cubic high temperature α-phase through the intermediate tetragonal β-phase to the orthorhombic ground state γ-phase is accompanied by macroscopic strains of the crystal unit cell. Often structural phase transitions are monitored by the corresponding unit cell parameters; however, a convenient alternative is the use of strain order parameters defined relative to the cubic reference crystal.
An arbitrary lattice deformation corresponds to a left acting tensor F that operates as L = FL, where L denotes a 3 × 3 matrix comprised of three lattice vectors arranged in columns as L = [abc]. We use the Hencky strain defined as E = ln(F F)/2 where F F is a real symmetric deformation tensor and ln refers to the matrix logarithm. Using the same group theoretical techniques as outlined in the previous section, symmetry adapted order parameters are defined in terms of the tensor E as:
The first strain order parameter, e 1 , is proportional to the trace of the strain tensor and describes purely volumetric expansion or compression of the crystal. The effect of the e 1 strain order parameter is illustrated in Figure 2 (a). When using the Hencky strain metric, e 1 is related to the volume as e 1 = ln(
3 where V is the volume of the deformed lattice and V 0 is that of the reference lattice.
Deviatoric strains, spanned by e 2 and e 3 are pictured in Figure 2 (b) where the origin represents the undistorted cubic reference phase. Along the high symmetry directions (following the blue or purple arrows in Figure 2 (b)) volume preserving deformations (i.e. e 1 = const.) maintain 90 degree angles between lattice vectors and result in tetragonal distortions of the cubic reference lattice. For example, deformations described by e 3 result in elongation of the z-axis as shown in Figure 2 (b). Furthermore, tetragonal deformations from elongation of the xor y-axes show up as high symmetry lines within the e 2 -e 3 strain subspace. Due to the equivalence of the x, y, and z directions in a cubic crystal, the x, y, and zoriented tetragonal deformations are equivalent by symmetry. The use of the e 2 and e 3 strain order parameters allows us to distinguish between the different tetragonal variants and to conveniently display all variants within a single two-dimensional plot.
The e 4 , e 5 , and e 6 strain order parameters describe shear strains and their effect on a cubic reference crystal is shown in Figure 2 (c). In this work we focus on the shear distortions described by the high symmetry axes: e 4 , e 5 , and e 6 . Strains along the e 4 , e 5 , and e 6 axes distort lattice angles away from 90 degrees and correspond to orthorhombic deformations of the cubic reference. Due to the symmetry of the parent group, all of the pictured distortions in Figure 2 (c) are related by a rotation of the cubic crystal; therefore the six displayed shear distortions are said to be rotationally equivalent. The use of e 4 , e 5 , and e 6 makes it possible to distinguish among the orthorhombic variants and to visualize all symmetrically equivalent shear strains within a three-dimensional subspace.
In this work, we treat strain as secondary order parameters to the primary tilt order parameters. When a primary tilt order parameter, denoted η, is activated in the reference cubic crystal, the symmetry is reduced from the Pm3m space group to a subgroup which we call G η . Symmetry lowering by the primary order parameters allows different strains to take on nonzero values without changing the symmetry of the internally distorted structure. These symmetry invariant strains are known as secondary order parameters.
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In particular, a secondary strain order parameter must be invariant to the point group P η associated with the space group G η as defined above. With a symmetry representation of the point group for the strain order parameters, M e , as described by Thomas and Van der Ven 74 , we can uncover the strains that may serve as secondary order parameters to the primary tilt order parameters through the requirement: e = g∈Pη M e (p)e where e is a vector of the strain order parameters e 1 through e 6 and M e (p) denotes the strain symmetry representation for a symmetry operation p. Table 1 shows symmetry allowed secondary strain order parameters relative to the cubic crystal for each octahedral tilt system. The directions in strain space are invariant to the point group imposed by the primary tilt order parameter. The listed invariant strain direction (e.g. (A,0,B,0,0,0)) therefore corresponds only to the listed tilt distortion. In order to find the symmetrically equivalent directions, one must apply the symmetry operations of the parent group to the strain order parameter. We include a full description of allowed strain order parameters for all rotational and translational variants of each tilt system in the supplemental materials.
The α → β → γ phase transitions in inorganic perovskites involve symmetry breaking due to octahedral tilting and macroscopic strains. The primary octahedral tilt order parameters dictate group-subgroup relations between phases as a result of symmetry breaking due to atomic displacements while secondary strain order parameters measure the change in lattice vectors that accompany internal distortions. In this section, we apply the previously developed strain and displacement order parameters to describe the symmetry breaking associated with the experimentally observed α → β → γ phase sequence.
We begin by discussing the α → β transition which corresponds to a lowering of symmetry from cubic to tetragonal. The tetragonal symmetry breaking of the lattice is associated with strains in the e 2 -e 3 subspace as shown in Figure 3(a) . Along e 3 , the crystal is elongated along the z-direction while the xy-plane is compressed resulting in the z-oriented β z phase. Symmetrically equivalent deformations distinguished by elongation of the y or x-axes are shown as the β y and β x variants. Hence there are three rotationally equivalent β-phase variants associated with the cubic α-phase reference.
The β → γ transition lowers the crystal point group symmetry from tetragonal to orthorhombic. Orthorhombic symmetry breaking of the lattice results from activation of shear modes, described by the e 4 , e 5 , and e 6 strain order parameters as discussed above. In discussing the β → γ transition, we will focus on a particular tetragonal β-phase variant, specifically β z , but the same arguments apply for both β x and β y . For the case of β z , two γ zphase variants, γ + z and γ − z result from the activation of the e 6 strain order parameter giving rise to shears in the xy-plane. As pictured in Figure 3(b) , the positive and negative γ z variants correspond to positive or negative e 6 amplitudes. The γ + z and γ − z -phases are related by a 90
• rotation about the z-axis making them rotationally equivalent. If we were to consider the β → γ transitions for the other tetragonal variants, i.e. β y → γ ± y or β x → γ ± x , orthorhombic symmetry breaking would correspond to activation of the e 5 and e 4 strain order parameters, respectively. Hence, each tetragonal phase results in two symmetrically equivalent γ-phase orientational variants, giving a total of six symmetrically equivalent orientational γ-phase variants that can emerge from a common cubic phase.
So far, we have described the macroscopic strain order parameters which uniquely identify a phase among the three experimentally observed phases (i.e. α, β, and γ), but which also allow one to distinguish between rotational variants of the same phase (i.e. β x , β y and β z ). Next we describe the symmetry-adapted displacement order parameters which give rise to corresponding tilt systems of the β and γ phases. In doing so, we will be able to distinguish translational variants of the different phases. Physically, this corresponds to distinguishing between a positive or negative rotation about a particular tilt axis.
We
The tilt components of this phase can be separated into two order parameters η 1 = (00a000), which describes in-phase tilts along the z-axis, and η 2 = (000bb0), which describes simultaneous and equivalent out-of-phase tilts along both the x-and y-axes. Together these order parameters span a two-dimensional tilt subspace pictured in Figure 3 (c) which contains the α-phase at the origin, the β z -phase along the η 1 axis, and the γ + z -phase when both η 1 and η 2 are nonzero. Depictions of the tilt systems associated with η 1 and η 2 are pictured in Figure 3 (e).
An additional unique tilt system also appears within this subspace, namely the Imma orthorhombic phase corresponding to nonzero values of the η 2 order parameter. Although the Imma orthorhombic phase with
tilts is not experimentally observed, we will refer to it as a hypothetical -phase when discussing energy landscapes within this subspace below. While the strain order parameters distinguish symmetrically equivalent rotational variants as shown in Figures 3(a,b) , the microscopic displacement order parameters η 1 and η 2 allow us to distinguish between symmetrically equivalent translational variants. For a particular strain state, there exist several equivalent internal displacements arising from the octahedral tilt patterns. That is, the crystal can sample translational variants through pure octahedral rotations, but rotational equivalents come along with a reorientation of the macroscopic strain.
For example, consider the z-oriented tetragonal β zphase. This phase is distinguished by a positive e 3 strain component and in-phase tilts along the z-axis, described by η 1 in Figure 3 phase variant (e.g. γ + z =(+e 3 ,+e 6 )) there exist four translational variants (e.g. tilt systems
, as shown by the four red circles in Figure 3(c) .
The tilt subspace presented in Figure 3(c) corresponds only to the α, β z , and γ + z variants from Figure 3(b) . In order to describe the octahedral tilts of γ − z , we introduce the rotationally equivalent tilt order parameter η 2 = (000b-b0) as shown as an orthogonal axis in Figure 3(d) . Here, the red squares indicate the four translational equivalents corresponding to γ − z . In summary, there exist three rotational variants of the β-phase, each with two translational variants, for a total of six symmetrically equivalent tetragonal variants. For the γ-phase, there are six rotational equivalents, each with four translational variants, for a total of 24 symmetrically equivalent structures. The relationship between rotational and translational equivalents and the corresponding secondary strain order parameters are compiled in the supplemental materials.
D. A-Cation Displacement
The third degree of freedom explored in this study involves displacements of the A-site cation, in this case Cs. We probe the stability of the ground state orthorhombic A-cation ordering by displacing the Cs sub lattice within the ab plane according to the factor group of the crystal. Since the four Cs atoms are related by symmetry operations of the factor group, a displacement of one Cs atom dictates the displacement field of all atoms related by symmetry. By exploring the energy landscape associated with displacements that maintain Pnma symmetry, we are able to determine if there exist unexplored local minima with respect to Cs displacements.
IV. RESULTS
A. Tilt System Energy and Volume
In Figure 4 (a) we present the DFT energies obtained after full geometric optimization of all 14 possible tilt systems including the reference cubic α-phase structure. We find that, among all chemistries, the orthorhombic γ-phase tilt system b − b − a + always has the lowest energy. This finding agrees with experimental observations of γ-phase ground states upon cooling from the high temperature α-phase in CsSnI 3 , CsSnBr 3 , CsPbI 3 , and CsPbBr 3 .
3,57-60
In perovskite materials, the tendency to distort from the cubic α-phase has been shown to correlate with the size of the A-site cation relative to the size of the cuboctahedral void in which it resides. The Goldschmidt tolerance factor quantifies the degree of under or over coordination of the A-site as:
where r A , r B , and r X refer to the ionic radii of the A, B and X sites of a perovskite, respectively, and a refers to the cubic lattice parameter. For compounds with perfectly coordinated A-site cations, τ = 1, and the cubic α-phase is typically favored. However, for materials with under-coordinated A-sites, τ < 1, and structural distortions associated with octahedral tilts are expected to occur. Figure 4 (b) depicts the relative energies of the γ-phase ground states (where each chemistry is referenced to the energy of the cubic α-phase) as a function of the Goldschmidt tolerance factor. In the case of halide perovskites, ionic radii for the group VI divalent cations such as Pb 2+ and Sn 2+ are not well established. 9,76 Hence, we instead calculate τ using the the second equality in Equation 8 , with r A and r X given by the known Shannon radii 76 and a given by the DFT calculated cubic lattice parameter. In Figure 4 (b), the tolerance factor moderately correlates with the relative energy of the ground state γ-phase systems across each chemistry.
While the tolerance factor serves as a proxy to predict the stabilization of the γ-phase based only upon α-phase properties, we observe that the trend in energy of the ground state γ-phase relative to the cubic high temperature α-phase follows an almost perfect linear relationship with the volumetric e 1 strain order parameter as presented in Figure 4 (c). In agreement with the predictions based on tolerance factor, Figure 4 (c) shows that Pb-based compounds undergo larger volume contraction resulting in larger stabilization energies relative to the Sn-based counterparts. In addition to comparisons between chemistries, the volumetric e 1 strain order parameter also aids in the analysis of tilt systems within a single chemistry. Remarkably, the correlation between relative tilt system energy (as referenced to the cubic α-phase) The relationship between e1 and the ratio of the volumes between the deformed structure, V , and the reference structure V0 is given by e1 = ln(V /V0)/ √ 3.The slope (m) is given in meV/(0.01 unit e1) and R 2 is the coefficient of determination of the best fit line. The ground state γ-phase is the lowest energy and most volume decreasing tilt system for each chemistry.
and e 1 persists among all tilt systems as shown in Figure 5 . Here, we observe that the γ-phase ground state corresponds to the most volume-decreasing tilt system, thereby resulting in the lowest energy. Together, Figures 4 and 5 suggest a unified description of tilt system stability in ionic all-inorganic halide perovskites where, within a certain chemistry, the most volume decreasing tilt system corresponds to the most stable phase, and between chemistries, the volume contraction of the ground state phase dictates the energy difference from the high temperature α-phase. Importantly, the energy differences between the γ-phase ground state and the α-phase cubic reference for each chemistry are consistent with the observed orthorhombic to tetragonal transition temperatures of this perovskite series. In order to study the coupling between tilt modes and lattice strains, we performed DFT relaxations with tight force convergence criteria for a subset of the tilt systems considered in Figure 4 (a), including Imma ( ), P4/mbm (β), and Pnma (γ). Figure 6 shows decompositions of the lattice strains in terms of symmetrized strain order parameters e 3 and e 6 as well as a decomposition of activated tilt modes in terms of collective displacement modes η 1 = (00a000), η 2 = (000bb0), and η 2 = (000b-b0) for CsSnBr 3 , CsSnI 3 , CsPbBr 3 , and CsPbI 3 . The tilt mode decompositions in Figure 6 (b-e) are plotted using the same coordinate system described in Figures 3(c,d) where translationally equivalent structures belong to the same plane while rotationally equivalent structures belong to an orthogonal plane. The length of each displacement order parameter axis is normalized to η 1 = η 2 =η 2 = 1 which corresponds to a displacement ||d(η 1 = 1)|| = ||d(η 2 = 1)|| = ||d(η 2 = 1)|| = 4.088Å where d is defined in Equation 1.
As is clear in Figure 6 , the tetragonal β-phase (P4/mbm, a 0 a 0 a + ), represented as blue circles, has large η 1 amplitudes as expected due to the presence of inphase tilts. Additionally the tetragonal β-phase structures show large positive e 3 strains, indicating a compression in the xy-plane and expansion along the z-axis (Figure 2(b,d) ) as a result of large in-phase tilting.
The orthorhombic -phase (Imma, b − b − a 0 ), represented by green symbols, undergoes large η 2 orη 2 amplitudes, depending on the rotational variant. Its unit cell undergoes negative e 3 strains and moderate e 6 strains. A negative e 3 strain indicates expansion of the xy-plane as shown in Figure 2(d) . Unlike the tetragonal β-phase which contracts in the xy-plane (e 3 > 0) due to in-phase tilts about the z-axis, the phase has no tilts along the z-axis and exhibits expansion of the xy-plane (e 3 < 0).
Interestingly, two simultaneous out-of-phase tilts (i.e. η 2 orη 2 are nonzero) are always accompanied by shear strains represented, in this case, as the e 6 strain order pa- Strains are enlarged by a factor of three for clarity. Amplitude of tilt modes (left) and strain modes e3 and e6 (right) for (b) CsSnBr3, (c) CsSnI3, (d) CsPbBr3, (e) CsPbI3. Order parameters η1 and η2 represent the tilt systems (00a000) and (000bb0) respectively, whileη2 denotes (000b−b0), the rotationally equivalent axis to (000bb0).
rameter. The strain decompositions in the right column of Figure 6 (b-e) illustrate that the sign of e 6 depends on the rotational equivalent specified by the octahedral tilt order parameter either η 2 orη 2 . The corresponding strains are illustrated in Figure 2 (d) where a change in the sign of e 6 corresponds to a 90
• rotation of the lattice about the z-direction.
The orthorhombic γ-phase (Pnma, b − b − a + ) structures express large amplitudes for both the η 1 and η 2 (or η 1 andη 2 for the rotational variants) as well as large e 6 strains and small e 3 strains. Exaggerated illustrations of the strains associated with the γ (Pnma), (Imma), and β (P4/mbm) phases are pictured in Figure 6(a) Lastly, we observe from Figures 6(b,c,d ,e) that the magnitudes of the tilt modes and strains generally increase as a function of relative stability from CsSnBr 3 , CsSnI 3 , CsPbBr 3 , to CsPbI 3 , similar to the correspondence between e 1 and energy from Figure 4(c) . This further illustrates the coupling between strain and tilts, where larger amplitude octahedral tilts induce larger macroscopic strains in the crystal. Furthermore, the most volume decreasing system, CsPbI 3 , exhibits the largest strains, the largest tilt mode amplitudes and the deepest stabilization energies, while for the least volume decreasing compound, CsSnBr 3 , the opposites hold true.
C. Energy Landscape of Octahedral Tilt Order Parameters
Now we explore the energy landscape associated with pure octahedral tilts and Cs displacements for CsSnBr 3 and CsPbI 3 as shown in Figure 7(a,b) . CsSnBr 3 and CsPbI 3 were chosen since they represent the extremes in terms of volume contraction, tilt amplitude, and stabilization energies as previously discussed. The horizontal and vertical axes in Figure 7 correspond to the subspace first presented in Figure 3 (c) and have been normalized such that a value of 1 corresponds to a displacement, ||d(η 1 = 1)|| = ||d(η 2 = 1)|| = 4.088Å where d is defined in Equation 1. The three rows of Figure 7 represent the same energy landscape at the equilibrium (i) α-cubic strain, (ii) β-tetragonal strain, and (iii) γ-orthorhombic strain, which are represented by the inset in the middle of Figure 7 . Furthermore, within each row, the first column of Figure 7(a,b) fixes the Cs positions to the center of the A-site cage, while in the second column the Cs atoms are allowed to relax to their minimum energy positions. By investigating the octahedral tilt energy landscape at different strains and with/without Cs displacements, we are able to disentangle the effects of octahedral tilting, A-site displacements, and strain on perovskite tilt system stability.
We begin by studying the octahedral tilt energy landscape at the reference cubic strain in the first row of Figure 7 (a,b)(i). Interestingly as seen in the fixed Cs columns of Figure 7 (a,b)(i) the energy landscape within the tilt subspace is nearly isotropic with respect to any combination of imposed tilts. Both η 1 and η 2 octahedral tilts lower the energy of the crystal relative to the cubic reference. Hence, the cubic crystal, represented at the origin of the energy landscape, is dynamically unstable within this subspace. In harmonic phonon dispersions, these instabilities manifest as imaginary frequency vibrational modes at the R-and M -points of the Brillouin zone. 41 The constant energy contours are almost perfectly isotropic with a slight preference for the (00a000) a 0 a 0 a + tilt system. Thus, based solely on halide displacements, all of the considered tilt patterns are nearly degenerate in energy, and the primary tilt order parameters are inadequate to distinguish the ground state phases. This raises the question of why the γ-phase is stable as a ground state as previously demonstrated in Figure 4(a) .
The answer lies in the position of the A-site cation, in this case the Cs + ion. While the left columns of Figure 7(a,b) (i) are calculated at fixed strain, halide displacement, and Cs position, the right columns represent the energy surface after only the Cs atoms are allowed to relax to their minimum energy positions. Upon relaxation of the A-site cation, the energy surfaces exhibit minima at each of the Pnma translational equivalents as shown in the right columns of Figure 7 (a,b)(i) for both CsSnBr 3 and CsPbI 3 . Hence at the reference cubic strain, both the α-phase, located at a local maximum, and the β-phase, located at a saddle point, are unsta-ble with respect to a combination of octahedral tilts and A-site displacements.
Up to this point the calculated energy surface is of the crystal in the reference strain of the high temperature cubic phase; however at intermediate and low temperatures, the average strain state of the crystal changes to tetragonal and orthorhombic. Therefore, it is instructive to investigate the same octahedral tilt energy landscapes at the equilibrium strains of the low symmetry structures.
Next, in Figure 7 (a,b)(ii), we recalculate the same octahedral tilt energy landscape at the equilibrium tetragonal β-phase strain corresponding to the a 0 a 0 a + tilt system (pictured as the third panel in Figure 6(a) ). Before Cs optimization, there exist minima at the β-phase tilt systems (η β 1 , 0) while the , α, and γ phases are all unstable. After the Cs positions are optimized, (right columns of Figure 7(a,b) (ii)), the γ-phase tilt systems are again stabilized at the local minima (±η γ 1 , ±η γ 2 ). The main effect of fixing the equilibrium β-phase lattice parameters is the reduction in energy of the β-phase saddle points after Cs optimization relative to the -phase saddle point. The significant energy reduction associated with Cs displacements is enough to stabilize the γ-phase even at β-phase lattice parameters.
Finally, Figure 7 (a,b)(iii) shows the octahedral tilt energy landscape at the ground state γ-phase strain. Interestingly, before Cs optimization the experimentally observed tetragonal β-phase (P4/mbm a 0 a 0 a + tilt system) is slightly stabilized at (η β 1 , 0) as shown in left columns of Figure 7 (a,b)(iii). However, once Cs cation positions are optimized, (right columns of Figure 7 (a,b)(iii)), we once again observe the stabilization of the γ-phase tilt system at minima located at (±η γ 1 , ±η γ 2 ). At the ground state equilibrium lattice parameters, the energy of the β-phase saddle point is reduced relative to the -phase saddle point.
By recalculating the energy landscape with respect to octahedral tilts at the strains of the α, β, and γ phases, we have shown that the main effect of strain is to alter the relative energies of the β and saddle points. Furthermore, through selective optimization of the Cs positions, we have shown that a strong coupling between octahedral tilts and Cs displacements is the main source for stabilization of the γ-phase regardless of the strain state of the crystal.
D. A-cation Off-Centering in γ-phase Ground States
The effect of Cs optimization in Figure 7 demonstrates the importance of a strong coupling between octahedral tilts and A-site displacements in stabilizing γ-phase ground states. According to bond valence arguments, A-cation displacements originate from a minimization of unfavorable Coulomb interactions in the crystal. 77 Since Cs + off-centering plays such a large role in the stabilization of the γ-phase ground state, we also explored the energy landscape as a function of cooperative Cs + displacements in the ground state γ-phase structure. Figure 8(a) depicts the z = 0 and z = 1/2 slices of the γ-phase ground state structure within the orthorhombic primitive cell. In the ground state Pnma γ-phase, the Cs atoms displace from the ideal cubic positions (shown as dashed circles) to their minimum energy positions (indicated by filled teal circles). Using the factor group of the structure, we find symmetrically equivalent displacements of the Cs asymmetric unit represented as the unit axes in Figure 8(a) . In this way we map out the energy landscape of Cs displacements that maintain Pnma symmetry as shown in Figure 8(b,c) for CsSnBr 3 and CsPbI 3 , respectively. Even for small Cs displacements away from the minimum energy positions, the energy penalty for Cs displacements is quite large (Figure 8(b,c) ); therefore, we rule out the possibility of any other local minima for Cs orderings in the Pnma ground state.
V. DISCUSSION AND CONCLUSIONS
We have confirmed Pnma γ-phase ground states among the 14 distinct tilt systems for CsSnBr 3 , CsSnI 3 , CsPbBr 3 , and CsPbI 3 through full geometric optimization using DFT. We find that all tilt systems lower the energy of the crystal with respect to the high temperature cubic α-phase. Furthermore, by calculating the BornOppenheimer energy landscape with respect to symmetry adapted collective displacement modes at various strain states and with/without Cs displacements, we were able to disentangle the energetic contributions of these three degrees of freedom. Notably, the coupling between tilts and A-site displacements are necessary to stabilize the γ-phase ground state tilt systems, while strain coupling lowers the β-phase saddle point energy relative to that of the -phase saddle point.
The next important result is that the cubic and tetragonal phases are unstable as opposed to metastable. The presence of continuous energy lowering distortions in the cubic and tetragonal phase means that harmonic phonon theory is inadequate to describe the vibrational thermodynamics of these systems. Interestingly, we observe nearly isotropic instabilities with respect to pure octahedral tilts associated with the R Upon full relaxations, tilt instabilities are always accompanied by macroscopic strains which we decomposed into symmetrized strain order parameters using the Hencky strain metric. We found that the volumetric strain order parameter e 1 correlates with the relative energy of CsBX 3 perovskites. Interestingly, Pb based compounds show a greater degree of volume contraction as well as octahedral tilting. In addition to the geometrical aspects of A-site under coordination, the trend that Pb-containing compounds show deeper stabilization energies for octahedral tilting likely originates due to the higher band gap of Pb compounds indicating a higher degree of ionicity. 51, 78 The degree of ionicity is known to play a role in the degree of octahedral tilting in oxide perovskites where more covalent metal-oxygen bonds stabilize 180
• degree O−M−O bond angles.
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For instance, the metal, ReO 3 , comprised of corner connected octahedra maintains 180
• bond angles 80,82 despite the lack of a central A-site cation (leading to a tolerance factor of zero). Therefore, higher ionicity leads to weaker Pb−I−Pb bonds in Pb-based compounds resulting in larger octahedral tilting distortions relative to Sn-based compounds studied here. In addition, stronger relative stabilization energies for the Pb-containing compounds correlates with the experimentally observed orthorhombic to tetragonal phase transition temperatures of CsMX 3 halide perovskites where Sn-containing compounds exhibit smaller bandgaps and lower transition temperatures than the Pb-containing counterparts.
The cubic α-phase and tetragonal β-phase of inorganic CsMX 3 perovskites are dynamically unstable as demonstrated by the energy landscape with respect to octahedral tilt order parameters and Cs + displacements. We reproduce the energy landscape with respect to octahedral tilts at the orthorhombic γ phase strain in Figure 9 for CsSnBr 3 . The experimental high temperature α-phase and the intermediate temperature β-phase reside at a local maximum and saddle point, respectively, indicating that these phases are unstable. Two important aspects of this energy landscape are that (1) the γ-phase is only stabilized after optimization of the Cs positions and (2), at the equilibrium γ-phase lattice parameters, the β-phase saddle point has a lower energy compared to the -phase saddle point. The lower energy barrier between γ-phase variants passing through the β-phase saddle points suggest that this is the more favorable transition pathway as the structure is heated from low temperature. The phase progression from γ to β likely occurs as out-ofphase octahedral rotations oscillate between positive and negative rotations corresponding to oscillations between γ phase translational and orientational variants through the β-phase. As the temperature is increased, sufficient thermal energy allows the system to sample all symmetrically equivalent structures resulting in an average cubic structure.
The complexity of the Born-Oppenheimer energy surface at zero Kelvin underscores the many avenues for anharmonic and dynamic fluctuations at high temperature. While high temperature halide perovskites adopt the cubic phase, large anharmonic vibrational excitations are likely occurring dynamically within local environments. For instance, polar fluctuations involving head-to-head displacements of the Cs cation, have been observed in hybrid and inorganic lead bromide perovskites, 42 large anharmonic halide displacements contribute to a fluctuating lattice, 28, [38] [39] [40] [41] and dynamically disordered metal atoms have been shown to increase with temperature 37, 43 . More specifically, inelastic x-ray scattering experiments on hybrid perovskites show that phonon modes corresponding to the R + 4 and M + 3 irreps are substantially populated in the cubic crystal indicating non-cubic local environments. 28 Moreover, structural studies on inorganic cesium lead halide nanocrystals have shown that increasing populations of twinned γ-phase nano domains can appear as higher symmetry phases from XRD further complicating the picture of local symmetry breaking at high temperature.
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The dynamic local environment of perovskites at high temperatures remains unclear, and accurate simulations of the lattice dynamics of these systems are critical to understand the impact on electronic properties. However, due to the dynamically unstable nature of the intermediate temperature tetragonal β-phase and high temperature cubic α-phase, models of the lattice dynamics of inorganic halide perovskites cannot be adequately handled within a harmonic approximation. Instead anharmonic vibrational hamiltonians are needed to model structural phase transitions. 84 We have identified the relevant strain and displacement order parameters to guide the construction and fitting of DFT-based anharmonic vibrational effective hamiltonians in order to build accurate lattice dynamics models of inorganic perovskite materials.
In conclusion, we have shown that a careful examination of the coupling between strain, tilts, and Cs + displacements is needed to explain the nature of structural phase transitions in inorganic halide perovskites. However, from a macroscopic standpoint, it is simply the degree of volume contraction that dictates the stability of the Pnma ground state perovskite tilt system. Finally, we reiterate that the intermediate and high temperature phases are both dynamically unstable (i.e. they appear at saddle points or local maxima with respect to tilt order parameters) which gives rise to a deformable and polarizable lattice that is essential to the optoelectronic properties of halide perovskites.
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